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$\omega_{1}$ $Im(\omega_{3})\geq 0$ $\omega_{3}$ lattice $\Omega$





$\zeta(u)$ $=$ $\frac{1}{u}+\sum_{\omega\in\Omega’}\mathrm{t}\frac{1}{u-\omega}+\frac{1}{\omega}+\frac{u}{\omega^{2}}\}$ ,
$\sigma(u)$ $=$ $u \prod_{\omega\in\Omega’}(1-\frac{u}{\omega})e\frac{u}{\omega}+\frac{u}{2\omega}2\tau$
*
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$\sigma$ lattice $\Omega$ –
$\zeta(u)=\frac{d}{du}\log\sigma(u)$ , $\wp(u)=-\frac{d^{2}}{du^{2}}\log\sigma(u)$
Lam\’e




$\zeta(u_{1}+u_{2})-\zeta(u_{1})-\zeta(u2)$ $=$ $\frac{1}{2}(\frac{\wp’(u_{1})-\wp(\prime u_{2})}{\wp(u_{1})-\wp(u_{2})})$ ,




$\psi(u, z)=e^{-(()u}z$ . $\frac{\sigma(u+\omega_{3}+z)}{\sigma(u+\omega_{3})}$
$\psi(u, z)$ –
$\frac{d}{du}\log\psi(u, z)$ $=$ $\chi$
$=$ $\zeta(u+\omega_{3}+z)-\zeta(u+\omega 3)-\zeta(_{\mathcal{Z})}$
$\psi(u, z)$ Lam\’e (1) $\wp(u)$
$\zeta(u)$ $\psi(u, -z)$ Lam\’e
$e_{1}=\wp(\omega_{1}),$ $e3=\wp(\omega 3),$ $e_{2}=\wp(\omega 1+\omega_{3})$
$\wp’(z)^{2}=4(\wp(\mathcal{Z})-e_{1})(\wp(z)-e_{2})(\wp(Z)-e_{3})$
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$\psi(u, z)$ $\psi(u, -z)$ Wronski $-\sigma^{2}(z)\wp’(\mathcal{Z})$
$\psi(u, z)$ $\psi(u, -z)$ $E\neq-e_{1},$ $-e_{2},$ $-e_{3}$ Lam\’e (1) –
Weierstrass $\sigma$ $\sigma(u+2\omega_{1})=-e2\zeta(\omega_{1})(u+\omega 1)\sigma(u)$
$\psi(u+2\omega 1, Z)=e^{-}\psi 2((z)\omega_{1}+2((\omega_{1})z(u, z)$
$k=k(_{Z})= \frac{i}{\omega_{1}}(\zeta(Z)\omega 1-\zeta(\omega_{1})z)$ (2)
$-^{\underline{\zeta(\omega_{1})}_{zu}}$ . $\frac{\sigma(u+\omega_{3}+z)}{\sigma(u+\omega_{3})}$$b(u, z)=e$ $\omega_{1}$ (3)
$b(u, z)$ $2\omega_{1}$ $\psi(u, z)$
$b(u, z)$
$\psi(u, z)=eikub(.u, z)$
$\psi(u, z)$ Lam\’e (1)
Bloch $k$ $b(u, z)$
Bloch
$I_{1}$ $=$ $\{z=x+iy|0\leq x\leq\omega_{1}, y=0\}$ ,
$I_{2}$ $=$ $\{z=X+iy|0\leq x\leq\omega_{1y},=Sm\omega_{3}\}\alpha$ ,
$J_{1}$ $=$ $\{z=x+iy|x=\omega_{1},0\leq y\leq^{\alpha}Sm\omega \mathrm{s}\}$ ,
$J_{2}$ $=$ $\{z=x+iy|x=0,0\leq y\leq S^{\alpha_{m\omega_{3}\}}}$
$\wp(I_{1})=(-\infty, -e_{1}]$ , $\wp(I_{2})=[-e_{2}, -e_{3}]$ ,
$\wp(J_{1})=(-e1, -e_{2})$ , $\wp(J_{2})=(-e_{3}, \infty)$
$z\in I_{1}$ -2\mbox{\boldmath $\zeta$}(z)\mbox{\boldmath $\omega$}l+2\mbox{\boldmath $\zeta$}(\mbox{\boldmath $\omega$}l)z $\psi(u)$
$(-\infty, -e_{1}]$ $z\in I_{2}$





$e^{2(((\omega_{3})\omega_{1}-}=((\omega 1)\omega 3)e=-\pi i1$
$2 \zeta(x)\omega 1-2\zeta(\omega_{1})X+\frac{\wp’(_{X)}}{\wp(x)-\wp(\omega 3)}\omega 1$
$z\in I_{2}$ $[-e_{2}, -e_{3}]$




Buslaev 1984 [11.] perturbed Hill multiple scaled
Buslaev Lam\’e
(1)
$(- \frac{d^{2}}{du^{2}}+2\wp(u+\omega_{3})+\epsilon u-E\mathrm{o})\emptyset(u, \epsilon)=0$ (4)
$\epsilon u$ $\epsilon>0$ $2\omega_{1}\epsilon=0$
$-\infty$ $+\infty$ (4)
$\epsilon u$ $r=\epsilon u$
$f(u, r, \epsilon)|r=\mathcal{E}u=\phi(u, \in)$ $f(u, r, \mathcal{E})$
$f(u, r,\epsilon)$
$(-( \frac{\partial}{\partial u}+\epsilon\frac{\partial}{\partial r})^{2}+2\wp(u+\omega_{3})+r-E_{0}\mathrm{I}f(u, r, \epsilon)=0$ . (5)
$f(u, r,\epsilon)=e^{\frac{i}{\epsilon}S(r)}a(u, r,\epsilon)$ (6)
$a(u, r, \epsilon)=a_{o()}u,$$r+\epsilon a_{1}(u, r)+\epsilon^{2}a_{2}(u, r)+\cdots$ $a_{j}(u, r)$ $u$
$2\omega_{1}$ $a(u, r, \epsilon)$
$(L_{0}+\epsilon L_{1}+\epsilon^{2}L_{2})a(u, r, \epsilon)=0$ (7)
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$L_{0}$ $=$
$- \frac{\partial^{2}}{\partial u^{2}}-2i\frac{\partial S}{\partial r}\frac{\partial}{\partial u}+(\frac{\partial S}{\partial r})^{2}+2\wp(u+\omega_{3})+r-E_{0}$ , (8)
$L_{1}$ $=$
$-2 \frac{\partial^{2}}{\partial u\partial r}-2i\frac{\partial S}{\partial r}\frac{\partial}{\partial r}-i\frac{\partial^{2}S}{\partial r^{2}}$ , (9)
$L_{2}$ $=$
$- \frac{\partial^{2}}{\partial r^{2}}$ (10)
o $a(u, r, \epsilon)=a_{0}(u, r)+\epsilon a_{1}(u,.r)+\epsilon^{2}a_{2}(u, r)+\cdots$ (7) $\epsilon$
$L_{0}a_{0}(u, r)$ $=$ $0$ ,
$L_{0}a_{1}(u, r)$ $=$ $-L_{1}a_{0}(u, \Gamma)$ ,
$L_{0^{a_{j\dagger 2}}}(u, r)$ $=$ $-L_{1}aj+1(u, r)-L2aj(u, r)$ . $j\geq 0$ .
$a_{0}(u, r)$ Lame (1) Bloch $\psi(u, z)=e^{iku}b(u, z)$
Bloch $b(u, z)$
$(- \frac{\partial^{2}}{\partial u^{2}}-2i\frac{\partial S}{\partial r}\frac{\partial}{\partial u}+(\frac{\partial S}{\partial r})^{2}+2\wp(u+\omega 3)+r-E0)a_{\mathrm{o}(u},$ $r)=0$ ,
$(- \frac{d^{2}}{du^{2}}-2ik(_{Z})\frac{d}{du}+k2(z)+2\wp(u+\omega_{3})-E(z))b(u, z)=0$ .
$r=r(Z)=E0^{-}E(z)$
$k(z)= \frac{\partial S}{\partial r}(\Gamma)$
$S(r(z))$
$L_{0}=- \frac{\partial^{2}}{\partial u^{2}}-2ik(Z)\frac{\partial}{\partial u}+k^{2}(_{Z)+\wp(u}2+\omega_{3})-E(\mathcal{Z})$
$u,$ $z$
$b(u, z, \epsilon)=b_{\mathit{0}}(u, Z)+6b1(u, Z)+\epsilon b2(2u, \mathcal{Z})+$
... $\text{ }$
$b(u, \mathcal{Z}, \epsilon)=a(u, E_{0^{-}}E(_{Z}),$ $\epsilon)$
$M_{0}$ $=$ $- \frac{\partial^{2}}{\partial u^{2}}-2ik(_{Z})^{2}\frac{\partial}{\partial u}+k(z)^{2}+2\wp(u+\omega 3)-E(\mathcal{Z})$ ,
$M_{1}$ $=$ $( \frac{\partial r}{\partial z})^{-1}(-2\frac{\partial^{2}}{\partial u\partial z}-2ik(Z)\frac{\partial}{\partial z}-i\frac{\partial k}{\partial z}(\mathcal{Z}))$
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$b_{\mathit{0}}(u, z),$ $b1(u, Z)$
$M_{0}(b_{0}(u, z))=0$ , $M_{0}(b_{1}(u, z))=-M_{1}(b_{0}(u, z))$ . (11)
$z$ $N(z)$ Bloch $b(u, z)$ $N(z)b(u, z)$
$b_{0}(u, Z)=N(Z)b(u, Z)$
$b_{0}(u, z)$ $M_{0}(b_{0}(u, Z))=0$
$M_{0}(b_{1}(u, z))=-M_{1}(b_{0}(u, z))$
$b_{1}(u, Z)$
$\int_{0}^{2\omega_{1}}b(u, -Z)M_{1}(N(\mathcal{Z})b(u, Z))du=0$ (12)
$E=E(z)$ Lam\’e (1)





$\psi(u, z)=e^{-}ik(z)ub(u, -z)$ (12)
$\int_{0}^{2\omega}1ub(, -Z)M_{1}(N(Z)b(u, Z))du=0$
Buslaev [11] (12) $N(z)$
–
$\frac{\partial N}{\partial z}(z)+(\frac{\langle b(u,-z),\frac{\partial b}{\partial z}(u,z)\rangle}{\langle b(u,-z),b(u,z)\rangle}+\frac{1}{2}(\frac{\frac{\partial^{2}E}{\partial z^{2}}}{\frac{\partial E}{\partial z}}-\frac{\frac{\partial^{2}k}{\partial z^{2}}}{\frac{\partial k}{\partial z}}))N(Z)=0$ (13)
$<f,g>= \int_{0}^{2\omega_{1}}f(u)g(u)du$
$\frac{\partial}{\partial z}(\frac{\frac{\partial E}{\partial z}}{\frac{\partial k}{\partial z}})^{-=}2=-\frac{1}{2}(\frac{\frac{\partial E}{\partial z}}{\frac{\partial k}{\partial z}})^{-_{\overline{2}}}$
.
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$N(Z)= \frac{\partial}{\partial z}(\frac{\frac{\partial E}{\partial z}}{\frac{\partial k}{\partial z}}\mathrm{I}^{-\frac{1}{2}}U(\mathcal{Z})$










$b(u, z)=e- \frac{\zeta(\omega_{1})}{\omega_{1}}zu$ . $\frac{\sigma(u+\omega_{3}+z)}{\sigma(u+\omega_{3})}$
$b(u, -z)b(u, Z)=-\sigma(2)z(\wp(u+\omega_{3})-\wp(z))$ (14)
$<b(u, -z),$ $b(u, z)>$ $=$ $\int_{0}^{2\omega}1ub(, -Z)b(u, z)du$
$=$ $- \sigma^{2}(z)\int_{0}^{2\omega_{1}}(\wp(u+\omega_{3})-\wp(z))du$
$=$ $-\sigma^{2}(z)[\zeta(u+\omega 3)]^{u}u=0+\sigma(_{Z}=2\omega_{1}2)2\omega 1\wp(_{\mathcal{Z}})$
$=$ $\sigma^{2}(z)\{\zeta(\omega_{3}+2\omega 1)-\zeta(\omega_{3})+2\omega_{1}\wp(z)\}$
$=$ $2\sigma^{2}(\mathcal{Z})(\zeta(\omega 1)+\omega 1\wp(_{\mathcal{Z}}))$
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$b(u, -z) \frac{\partial}{\partial z}b(u, Z)=-\sigma(2)z$ $- \frac{\zeta(\omega_{1})}{\omega_{1}}u+\zeta(u+\omega_{3}+Z))(\wp(u+\omega_{3})-\wp(z))$ . (15)
$\int_{0}^{2\omega_{1}}b(u, -z)\frac{\partial b}{\partial z}(u, z)du$
$\int_{0}^{2\omega}1u\wp(u+\omega_{3})du$ $=$ $\int_{0}^{2\omega_{1}}\zeta(u+\omega_{3})du-2\omega_{1}\zeta(2\omega_{1}+\omega_{3})$ ,
$\int_{0}^{2\omega}13\zeta(u+\omega 3)\wp(u+\omega)du$ $=$ $-((\omega_{1})(\zeta(2\omega_{1}+\omega_{3})+\zeta(\omega 3))$ ,
$\int_{0}^{2\omega_{1}}\zeta(u+\omega_{3})du$ $=$ $2\omega_{1}(\zeta(\omega_{1})+\zeta(\omega_{3}))+2\pi i$
$\zeta(u+\omega_{3}+\chi)=\zeta(u+\omega_{3})+\zeta(z)+\frac{1}{2}\frac{\wp’(u+\omega 3)-\wp’(z)}{\wp(u+\omega_{3})-\wp(Z)}$
$\int_{0}^{2\omega_{1}}b(u, -z)\frac{\partial b}{\partial z}(u, z)du=\sigma^{2}(Z)(\zeta(\omega 1)+\omega 1\wp(z))(2\zeta(\omega_{3})+2\zeta(Z)+\frac{2\pi i}{\omega_{1}}\mathrm{I}+\sigma^{2}(Z)\omega_{1}\wp(’)Z$
$i \theta(z)=((\omega 3)+((_{\mathcal{Z})}+\frac{\pi i}{\omega_{1}}+\frac{1}{2}\cdot\frac{\omega_{1}\wp’(Z)}{\zeta(\omega_{1})+\omega 1\wp(\mathcal{Z})}$ (16)
Theorem 2 $r\neq E_{0}+e_{1},$ $E_{0}+e_{2},$ $E_{0}+e_{3}$ $r=E_{0^{-}}E(z)$ $z(r)$
Bloch $e^{iku}b(u, Z)$ perturbed Lam\’e




$e^{i\int\theta(z)}dz( \frac{\frac{\partial E}{\partial z}}{\frac{\partial k}{\partial z}})^{-\frac{1}{2}}b(u, Z)$ ,
$i\theta(z)$ $=$ $\zeta(\omega_{3})+\zeta(Z)+\frac{\pi i}{\omega_{1}}+\frac{1}{2}\cdot\frac{\omega_{1}\wp\prime(z)}{\zeta(\omega_{1})+\omega 1\wp(Z)}$ ,
$( \frac{\frac{\partial E}{\partial z}}{\frac{\partial k}{\partial z}})$ $=$ $-i \frac{\omega_{1}\wp’(_{Z)}}{\zeta(\omega_{1})+\omega 1\wp(Z)}$
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